We study the implications of a combined analysis of cosmic standard candles and -1 -and possibly deliver answers to the open questions of the universe. In the present manuscript, we wish to help bridge this gap between parametrised physics beyond standard cosmology and fundamental models, building upon some previous analyses that have studied such modifications in isolation, such as f (R) [1][2] [3] [4] [5] and f (T ) gravity [6] [7] [8] , Brans-Dicke gravity [9, 10] , Galileons and Horndeski gravity [11] [12] [13] [14] , Quintessence [15] , some combinations of these [16] , and even non-local gravity [17] [18] [19] to name only a few recent examples. Our aim is to deliver a blueprint to study fundamental modifications of the gravitational sector, and choose among the theories the one that best explains the data. In this we rely on statistical methods and available cosmological and astrophysical data sets, which we apply to ΛCDM and some of its parametrised extensions, as well as two fundamental cosmologies.
standard rulers on the viability of cosmological models beyond the cosmological concordance model ΛCDM. To this end, we employ well-established data in the form of the joint lightcurve analysis supernova compilation, baryon acoustic oscillations, and cosmic microwave background data on the one hand, and a recently proposed set of Quasars as objects of known brightness on the other hand. The advantage of including the latter is that they extend the local distance measures to redshifts which have previously been out of reach and we investigate how this allows one to test cosmologies beyond ΛCDM. While there exist various studies on parametric extensions of ΛCDM, we present here a comparative study of both parametric and fundamental extensions of the standard cosmology. In order to keep the scope of this manuscript contained, we focus on two particular modifications: One is the theory of a massive tensor field interacting with the standard metric of gravity, so-called bigravity, and the other conformal gravity, a theory of gravity that has no knowledge of fundamental length scales. The former of the two constitutes a veritable extension of General Relativity, given that it adds to the metric tensor of gravity a second dynamical tensor field. The resulting dynamics have been proposed as a self-accelerating cosmology. Conformal gravity on the other hand is a much more drastic change of the underlying gravitational theory. Its ignorance towards fundamental length scales offers a completely different approach to late time acceleration and the so-called cosmological constant problem. In this sense, both models offer -in one way or another -an explanation for the cosmological constant problem. We perform a combined cosmological fit which provides strong constraints on some of these extensions, while some 1 Introduction For many years, cosmology was the driving force that sparked many ideas addressing the dark matter (DM) and dark energy (DE) problems in high energy physics, as well as the need for explaining baryogenesis on a microscopic scale. In recent years, however, it has become a precision discipline of fundamental physics itself. Much like the recent advances in experimental particle physics have allowed to differentiate between microscopic models, cosmological analyses can now identify and rule out certain cosmological models. Nevertheless, existing studies of cosmological data often study parametrised modifications of the concordance cosmology of a flat universe with cold DM and a static cosmological constant (CC) Λ, henceforth ΛCDM. This follows the same spirit as effective field theories in high energy physics, which are used to study a larger class of models that give rise to the same or similar low energy phenomena. While this is an important cornerstone in the survey of physics beyond the standard model (SM), it is indispensable to try and disentangle these effective descriptions at the fundamental level, as they may originate from very different fundamental principles with potentially grave impact on the particle physics sector.
Given the prevailing absence of particle physics beyond the SM, it is a timely question to ask if and how well gravitational physics beyond the SM can address these open questions, eter, the Hubble function could be probed up to redshift z = 15 − 20 [52] ; however, data is not yet available. While the recent discovery of gravitational waves has opened a new window on the cosmological history of the universe, current observations are not yet precise enough to improve constraints on cosmological parameters. We also do not make use of extragalactic background light data measured by Fermi-LAT [53] or gamma-ray bursts, which can be observed up to redshift z ≈ 6 [54] . In both cases, inclusion of the data sets does not promise to increase the precision, nor does it extend the redshift-range of the test. This paper is structured as follows: in Sec. 2, we review the basics of the models we analyse, and construct the Hubble function which enters the cosmological fit. In the case of CG, this entails a discussion whether the galactic rotation curves may be explained without DM. In Sec. 3, we discuss the results of the cosmological fits, and present the Hubble diagrams as well as the posterior probability distributions for the relevant parameters. We furthermore compare the competing theories and explain which model is favoured by statistical evidence. We draw our conclusions in Sec. 4. In App. A, we discuss the different data sets we include and lay out the details of the Bayesian analysis as well as any other physical constraints.
Cosmological Models
In this paper we study a number of cosmological models and compare their predictions given complementary cosmological data sets. While the choice of these models is highly biased, they each represent a larger class of cosmological models which attempt to solve or at least address some of the mentioned issues associated with the late-time acceleration of the Universe.
GR-based cosmologies
The first cases we study are based on the standard cosmological model, as it is obtained from the field equations of General Relativity with a metric ansatz that is compatible with the assumption that the universe is homogeneous and isotropic, ds 2 = −dt 2 + a(t) 2 dr 2 1 − k r 2 + r 2 dΩ 2 ,
where k = 0, ±1 represents a flat, or positive/negative curvature universe. 1 Plugging this ansatz into Einstein's field equations yields two dynamical equations for the scale factoṙ The latter of these is nothing but a continuity equation for an ideal fluid with energy density ρ and pressure p, and H =ȧ a is the Hubble rate. Defining the critical energy density ρ c = 3H 2 0 8πG N , we can put this into the familiar form
4)
where we have introduced the cosmic redshift z = a −1 − 1, and introduced the density parameters today
In these equations the label (m) refers to non-relativistic matter with an equation of state p = 0, and (r) refers to relativistic degrees of freedom, i.e. radiation with p = 1/3ρ.
Model predictions
We now specify the models of interest.
Flat ΛCDM cosmology The simplest model we study is the concordance cosmology, i.e. the FLRW metric with vanishing spatial curvature, k = 0, and a (positive) cosmological constant. This is described by the equation
which today (z = 0 and H(0) = H 0 ) implies that Ω Λ = 1 − Ω r − Ω m must hold.
Open ΛCDM cosmology A less minimal version of ΛCDM is obtained by allowing for spatial curvature, cf. Eq.(2.4), which yields oΛCDM. It is described by the Friedmann equation (2.4) together with the more general constraint
Dynamical dark energy, wΛCDM Finally, we can be even more general by dropping both the requirement of spatial flatness and modifying the equation of state of the dark energy component, p = wρ which allows for an accelerated expansion as long as w < −1/3, thus representing a larger class of cosmological models of dynamical dark energy. One finds that
and Eq. (2.7) must be satisfied, too.
Bigravity cosmology
Bigravity is a generalisation of the de Rham-Gabadaze-Tolley theory of ghost-free massive gravity, the theory of a massive spin-2 field, which requires the introduction of an auxiliary tensor field. In bigravity, this auxiliary tensor is dynamical itself, such that gravity is described by two tensor fields g and f , which are coupled via a potential. The form of this potential is strongly constrained due to consistency requirements of the theory. The equations of motion read
where R µν (R µν ) is the Ricci tensor constructed from g (f ), while the B µν andB µν are derived from the potential V (g, f ) (see [55] for explicit expressions). Here, M g is the Planck mass corresponding to the physical metric g, while the auxiliary metric comes with the mass scale M f . We also define
f . Making f a dynamical field has a number of advantages, foremost it removes the arbitrariness of the reference metric, which instead obeys a dynamical field equation. Moreover, it has been shown that massive gravity alone possesses no viable cosmological solutions that are straightforwardly generalised from GR [56] . This is different in bigravity, where matter couples exclusively to the physical metric g, while the other tensor f is regarded as an additional degree of freedom rather than a geometrical object. Under these assumptions and a bi-FLRW ansatz [57] , the equations governing the dynamics of the universe read
Here a is the scale factor of the physical metric and b that of the auxiliary metric, whilec is the lapse of the auxiliary metric. The parameters β i are constants of a priori unknown magnitude, while m is a mass scale related to the physical graviton mass (see below). It is evident from Eqs. (2.10) that the parameters β i and the mass scale m are not independent parameters; however, the latter is conventionally factored out by introducing a new set of parameters, B i = β i m 2 /H 2 0 for reasons that will become apparent momentarily. Moreover, it can be shown from the action that a rescaling of the hidden sector Planck mass, M f , can always be compensated by an appropriate rescaling of the β i . Thus, the mixing angle θ is also not an independent parameter. In order to minimise the number of fine-tuned parameters, we nonetheless keep θ as a free parameter and choose the B i to be O (1) .
Notice that (2.10a) is identical to the standard Friedmann equation augmented by a dynamical CC,
which is now a function of redshift z and thus time.
Determination of the ratio of scale factors. The specific form of coupling the two tensor fields implies that several branches of solutions of Eq. (2.10) exist. We choose the dynamic/finite branch [55] , for which J 2 /c 2 = H 2 . This allows us to rewrite the two Friedmann equations into one master equation for the ratio of the two scale factors, y ≡ b/a,
where we have replaced the matter density ρ with the density parameter Ω 0 m (neglecting only the radiation component for now) and introduced rescaled parameters B i = β i m 2 /H 2 0 . Note that a 1 brings in a redshift-dependence. In particular, for z → ∞, it scales as a 1 → ±∞.
The fourth order equation (2.12) has the solutions
13c)
and where x 1 is a real root of
In order for our chosen solution to be viable, we enforce the requirement to be on the finite branch, i.e. that y remains finite as z → ∞ to guarantee that in the early universe the dynamics of GR are restored. While this is not a necessary condition for the cosmological model to be consistent, viable bigravity cosmologies are known to belong to this branch of solutions [55, 58] . In particular, we require that y → 0 for z → ∞, which is enforced by the infinite energy density limit in the early universe [55] . Let us therefore have a look at the asymptotic behaviour of Eq. (2.14), where by assumption |a 1 (z)| |a 0,2,3 | and we keep all orders in x(z):
which has only one real solution, which scales as
in the case B 3 < 0. Thus, we always have that asymptotically R ∞ = √ x ∞ and in the limit of large redshift,
It is clear from this equation that only one solution can be asymptotically real, either involving D (a 1 < 0) or E (a 1 > 0), where the sign of a 1 is fixed by B 3 . For a parametric scan, we pick a sample of the parameters B i and use the asymptotically real branch. In summary, we have identified the unique solution branch only by demanding that GR be restored at sufficiently early times.
In order to comply with our assumption that y → 0 for z → ∞, we must then also demand that a 3 = 0. This is consistent with the requirement dρ/dy < 0, a condition sufficient to avoid the Higuchi ghost instability [58, 59] .
-7 -Finally, we determine the physical graviton mass by taking the late-time limit, where z = −1 and y goes to a constant value y * . The graviton mass is then [60] 
The late-time fixed point of the scale factor y * is determined from the master equation (2.12). We make use of the condition a 3 = 0 which fixes B 4 , and the definition of the dynamical CC Λ(z = 0) = 3H 2 0 Ω 0 Λ , which we use to fix B 0 as a function of y(z = 0). Using these replacements, we find a form of the master equation (2.12) at late times,
which we reach by making the approximation y * ≈ y(z = 0). We have checked that this is justified for the best fit parameters of bigravity (with and without curvature), see Sec. 3.4. We conclude this section with a sketch of the cosmic history in bigravity: In the early universe, dominated by matter and radiation, the modifications of bigravity are irrelevant, as we have chosen a finite branch solution with y → 0 for z → ∞; this is identical to a ΛCDM cosmology without any CC contribution (which is irrelevant at large z). At a certain redshift, y will develop dynamics and modify the expansion history of the universe, effectively through a dynamical CC, cf. Eq. (2.10). Finally, the scale factors reach a constant ratio, y * , which is the value assumed in the far future, z = −1. If we live in a bigravity universe, where we are sufficiently far away from this equilibrium point, we may hope to identify the characteristic features of the dynamical CC in this model, or constrain it otherwise.
Notice the similarity between this behaviour and the behaviour found in spherically symmetric solutions in bigravity [61] . In this metric space, the potential looks Newtonian far away from the source; however, at a certain distance from the source r c = m −1 g , the solution begins to deviate from GR and develops a Yukawa-type potential. Finally, and even closer to the source at a distance r V , the longitudinal polarisation modes of the massive spin-2 field will become strongly coupled and non-linearities conspire to restore the GR predictions by rendering any longitudinal polarisation state non-dynamical [62] . This so-called Vainshtein screening is indeed also incorporated in the cosmological solution we employ, which was obtained without any assumptions about linearity. 2 See also Ref. [63] for a recent study of this effect in cosmology.
Conformal gravity cosmology
CG is as a generalization of GR, that demands conformal symmetry in addition to general covariance. The CG action,
is constructed from the Weyl tensor C λ µνκ , which is the complete traceless part of the Riemann tensor 3 and is conformally invariant. By construction, the coupling constant α g is 2 Since we have not made any assumptions in regards to linearity, we do not have to worry about including this behaviour manually. This is different when one is concerned with, say, Schwarzschild-type solutions, where no closed form solution can be obtains unless further assumptions are made. See Ref. [61] for details. 3 The Weyl tensor is defined by
-8 -dimensionless and the action is invariant under conformal transformations where the metric is locally rescaled by 4 g µν (x) → Ω(x) 2 g µν (x) .
(2.22)
Due to quadratic dependence on curvature invariants in Eq. (2.21), the actions depends on up to fourth-order derivatives of the metric, a fact which can be seen as a virtue and as a disadvantage. On the one hand, the inclusion of these higher-order terms renders these theories renormalizable by naive power-counting arguments [64] . On the other hand, these terms give rise to new degrees of freedom containing a spin-2 ghost state [65, 66] . Such a degree of freedom is in general considered unphysical since it suffers from the so-called Ostrogradski instability at the classical level [67] , and consequently unitarity is violated in the quantum theory [68] . However, proposals exist to deal with the ghost state (see e.g.
Refs. [69] [70] [71] [72] [73] [74] [75] [76] ). In this work, we intend to study a particular cosmological model following the ideas of Refs. [43, 77] and references therein. In addition, this model offers a possible solution to the missing mass problem of galaxies which we discuss in Sec. 2.3.1. In the past, attempts have been made to explain galactic rotation curve data without the addition of a dark matter halo in this model [78] , and furthermore, Refs. [79, 80] also address observed galaxy cluster motion with no dark matter. Furthermore, if CG is to account for all dark matter in the universe, it is so far unclear if it can pass gravitational lensing tests [81] [82] [83] [84] [85] [86] [87] and inconsistency with gravitational wave observation of binaries have been found in Ref. [88] . Also tensions between predictions of primordial nucleosynthesis in a CG cosmology and observation of light element abundances have been found in Refs. [89, 90] . In the remainder of this section we discard all these concerns for now and review the derivation of the modified Friedmann equations in CG following closely Ref. [43] . The field equations obtained from Eq. (2.21), also known as Bach equations [91] , read
where the Bach tensor W µν can be understood as the generalization of the Einstein tensor and the energy-momentum tensor T µν can be derived from a conformally invariant matter action, e.g. containing a complex scalar φ and a fermion ψ,
Due to conformal invariance, the non-minimal coupling term, R φ † φ, is required and it introduces a piece proportional to the Einstein tensor G µν in the energy-momentum-tensor (EMT)
where T GR µν is the usual matter EMT. Amusingly, the FLRW ansatz for the metric [cf. Eq. (2.1)] is conformally indistinguishable from a flat solution which satisfies the vacuum equation W µν = 0, and thus the Bach equation reduces to Einstein's field equations with a flipped sign φ † φ G µν = −6 T GR µν and an effective gravitational coupling constant set by the vacuum expectation value (VEV) of the field φ. Whether or not we wish to view the field φ as the Higgs field that breaks both electroweak and conformal symmetry, once it takes a constant field value, it will break the conformal symmetry and set the scale of gravitational interactions. Plugging the FLRW metric ansatz (2.1) into the field Eq. (2.23) and assuming that T GR µν constitutes a perfect fluid leads to the the modified Friedmann equation of CG,
where the densities Ω m,r,k are defined as in Eqs. (2.5) but the dark energy density is set by the VEV of the scalar Ω Λ = λ φ 4 /H 2 0 . In Eq. (2.26) we have introduced the dimensionless quantity ≡ 3 4π G N φ 2 . This allows us to define modified energy densities Ω i = − Ω i 5 and bring the Friedmann equation into the familiar form
where matter and radiation contribute negatively to the Friedmann equation, as Ω (m)r < 0, and the cosmological constant is assumed to contribute positively as demanded by observations. 6 It should be stressed that the physical densities of matter ρ m and ρ r are still positive, but their gravitational interactions are repulsive on cosmological scales. Due to the negative energy density parameters entering Eq. (2.27), there is a maximal redshift z max , which is reached once the squared Hubble rate has a root, H(z 2 max ) = 0. For a flat universe with only matter (radiation) and a cosmological constant, the maximal redshift is
which translates to a minimal scale factor a min = 1/(1 + z max ).
For the present analysis we adapt the following assumptions, which allow us to put conservative bounds on CG. Processes in the early universe such as recombination and nucleosynthesis are well established via the CMB and the abundance of nuclei in the universe, respectively. Therefore, we demand that z max > 10 15 , for BBN to be safely inside the expanding phase when these processes take place. Thus, Ω m(r) must be tiny if we assume Ω Λ ∼ 1, which can only be achieved if < 10 −15 .
We also take into account the vacuum energy due to the scale of the electroweak phase transition. To this end, we must bring into agreement the observed vacuum energy density ρ obs vac ∼ (10 −2 eV) 4 with the expected contribution ρ EW vac ∼ (100 GeV) 4 . For that contribution we have Ω Λ = ρ EW vac /ρ c ∼ 10 54 , so the appropriate order of magnitude suppression demands that ∼ 10 −54 . Furthermore, we have to consider the contribution coming from the VEV of the scalar φ to the cosmological constant ρ Λ = λ φ 4 . The VEV φ is set by ∼ 10 −54 to φ ∼ 10 26 M Pl . This huge vacuum expectation value requires to fine-tune the scalar self-coupling to λ ∼ 10 −176 in order to maintain Ω Λ ∼ 1. This vast amount of fine-tuning indicates that the cosmological constant problem persists in CG. However, we find that is even stronger constrained due to vacuum energy contributions to Ω Λ so that the BBN constraint is easily satisfied.
From the above considerations we conclude that 1, and that only the vacuum energy and curvature (which are not multiplied by ) contribute to the cosmology of CG in the range of redshifts we are interested in,
(2.29)
Galactic Rotation Curves without Dark Matter
As mentioned above, the modified gravitational potential of CG has been be used to address the missing mass problem of galaxies in the past [44, [92] [93] [94] . Here, we briefly review the potential generated by a spherical symmetric source and novel effects that arise only in CG following closely Ref. [78] . The potential generated outside the source of radius R reads
For small radius r the Newtonian limit is recovered if β * = G N M , and the linear term in r marks a departure from the known behaviour on larger scales. Due to the fourth-order derivatives inherent to CG, Newton's shell theorem is no longer valid. The global contribution can be divided into two components: the homogeneous cosmological background and the inhomogeneities on this background. First, we consider the homogeneous and isotropic background described by the FLRW metric (2.1). To compute the gravitational potential due to the ambient FLRW background which an observer in the Schwarzschild rest frame experiences, one can use general coordinate invariance. By a suitable coordinate transformation for the time and radial coordinates, Eq. (2.1) is transformed into a Schwarzschild-type metric
This reveals that the FLRW background generates the linear term in the potential for non-zero curvature, and this term is related to the spatial curvature k through the relation 7
This allows us to test the parameter γ 0 on two distinct scales. On the one hand, it appears as a global term in the potential below, where it can be determined by local data such as galactic rotation curves. On the other hand, k will enter the Friedmann Eq. (2.29) through the curvature density Ω k and its value can be constrained by a cosmological fit. We discuss this particular feature in Sec. 3.5. The second, global contribution to the potential is due to inhomogeneities on the FLRW background, which introduce a quadratic term in the potential (see Ref. [78] for details). To sum up, we obtain for the full potential outside the source
from which galactic rotation curves are predicted in Refs. [78, [95] [96] [97] [98] [99] .
In this section we present the results of the numerical data analyses in the various cosmological models. First off, we study the flat concordance cosmology, ΛCDM. We then turn to two parametrised extensions of ΛCDM, adding curvature (oΛCDM) and finally a free DE equation of state (wΛCDM) in Secs. 3.2 and 3.3. Here, we will validate our findings in the context of existing surveys, and we will present for the first time results of a combined analysis using SNe, BAO, CMB data in conjunction with the advertised Quasar standard candles. In order to compare the models' validity, we give the so-called Bayes information criterion (BIC), which is defined in the Appendix. Subsequently, we turn to non-parametric extensions of ΛCDM, the first of which is bigravity -with and without curvature. Finally, we discuss the phenomenological implications within CG, where we will conclude that this framework is not apt to explain the current data, and can essentially be ruled out in its basic formulation. Nevertheless, we also show that an intriguing feature of the model is that certain parameters appear both in the cosmological solution, as well as local geometries, and therefore both galactic and cosmological data can constrain the same set of parameters. However, it turns out that the two data sets yield incompatible results for the model parameters. We hope that these results can point towards a phenomenologically viable theory in the future. We summarize our results in Table 1 .
Flat ΛCDM model
In a first step, we apply the techniques introduced in Appendix A to a standard ΛCDM model to cross validate our findings with the literature. Setting up a total of 512 uniformly sampled parameter points and evolving the Markov Chain Monte Carlo (MCMC) sampler for 1000 iterations, we find for different data sets the posterior distributions shown in the rightmost panels of Fig. 1 . Note that we have chosen flat priors whose allowed ranges encode some physical expectation, i.e. 60 km/s Mpc < H 0 < 80 km/s Mpc and 0 < Ω m < 1, and a Gaussian prior for Ω b h 2 (see App. A), which implements independent information from nucleosynthesis (which we thereby implicitly assume to proceed in a standard manner). 8 From Fig. 1 we can draw a number of important conclusions: First, there is no significant correlation between model and nuisance parameters, such that their model-dependence is small. Second, SN nuisance parameters are only affected by SN data and do not respond significantly to the inclusion of Quasar data and vice versa. Thus, the calibration can -in principle -be done independently, and we see that the combined data sets (which also include BAO and CMB data) yield confidence intervals that are compatible with the individual analyses. Third, the M B -H 0 panel of Fig. 1 shows that SN data (and also Quasar data) alone cannot constrain H 0 as their absolute magnitudes are degenerate with H 0 -even if only weakly. In order to calibrate the SN data, we need to break this degeneracy, e.g. by measurements involving standard rulers, or H(z) measurements as given by the BAO data, cf. App. A. And finally, our findings are in agreement with those in the literature for the JLA SNe sample, cf. Ref. [100] , and the Quasar sample [22, 23] .
Marginalising over the nuisance parameters yields the compressed results displayed in Fig. 2 and summarised in Tab. 1. Here, we would like to note that our results agree well with the findings by the Planck collaboration, which find a slightly lower value for sets does not affect the value of H 0 significantly and thus does not alleviate or worsen the long-standing tension between local calibrations of SNe (see e.g. Refs. [47] for the most recent analysis) and the results from CMB measurements. In conclusion, we find that SNe and Quasars yield compatible, tight constraints on Ω m , which is found to be Ω m = 0.31 ± 0.03. Notice that neither SNe nor Quasars can constrain H 0 alone because their absolute magnitudes are unknown [cf. Eq. (A.5)]. Via the inverse distance ladder approach, we break the degeneracy between H 0 and the magnitudes by including measurements of acoustic oscillation -13 - 
ΛCDM with curvature
Next, we modify the analysis carried out in the previous section by relaxing the condition Ω m + Ω Λ = 1 to include finite spatial curvature by introducing a new model parameter Ω k = 1−Ω m −Ω Λ . A glance at the posterior distribution in Fig. 3 and the results summarised in Tab. 1 allows us to draw a number of interesting conclusions.
It is conspicuous that the expected values for Ω m and Ω Λ are shifted to larger values once the Quasar data is taken into account on top of the SN data, while in the previous case they were reasonably in accordance. This can be understood by recalling that Quasars can be tested to much higher redshift so the effect of spatial curvature becomes relevant, effectively shifting Ω m and Ω Λ to much larger values compared to what is found for the SN data alone. . which hints at a flat universe. In fact, the statistical evidence shows that oΛCDM is disfavoured with respect to ΛCDM for any data sets considered in Tab. 1. Our results show that relaxing the flatness condition of ΛCDM is not beneficial in terms of statistical evidence and the cosmological parameters converge nevertheless to a flat ΛCDM universe, while adding another free parameter is penalised by the BIC.
wΛCDM
We find similar results if we parametrically extend the standard cosmology ΛCDM to leave the equation of state parameter w of dark energy an undetermined parameter. In this case, wΛCDM is strongly disfavoured compared to ΛCDM for SN, SN+Q and SN+Q+BAO+CMB, respectively, and disfavoured for SN+Q+BAO. The curvature density here is found to be Ω k = −0.001 ± 0.013 and the equation of state parameter turns out to be w = −1.011 ± 0.05, which is again very close to the ΛCDM values. From Fig. 4 we conclude that the additional parameters open up new regions of parameter space and intricate degeneracies arise, see e.g. in the w-Ω m marginalised posterior. Consequently, we see that certain data sets, e.g. the BAO-only posterior, favour a much lower Hubble rate around H 0 = 67.6 km/s Mpc compared to the combined fit. The reason lies in the fact that the CMB data do not allow an equation of state parameters much larger than w = −1 (as preferred by the BAO data), and the two parameters share precisely such a degeneracy, cf. bottom left panel of Fig. 4b . 
Bigravity cosmology
Previous works on cosmological fits of bigravity include Refs. [45, 102] . We improve on these results by performing the full Bayesian analysis, and by placing no manual restriction on the parameter space. This includes all bigravity parameters (β 1,2,3 , θ) as well as a free parameter to describe curvature. Previous analyses have often restricted their attention to subsets of models, in which only one or two of the β i are non-zero. Thanks to our efficient algorithm to obtain a closed-form solution to the master equation (2.12), this is no longer necessary. In addition, the use of updated and new data sets, i.e. the high-redshift quasar observations, is a novelty in itself.
Note that there are several possible modifications to our standard bigravity setup, which may considerably alter the cosmology. One such case is the choice of the matter coupling; e.g., see the analysis in Ref. [103] for massive gravity with doubly coupled matter.
As discussed in Sec. 2.2, the degeneracy between m, θ and the β i is lifted by restricting the parameters B i = β i m 2 /H 2 0 to be O(1) and fixing the mass scale at m = 10 −32 eV close to the value of the Hubble scale today, H 0 1.5 · 10 −33 eV in natural units. Fig. 5 shows the results in bigravity with zero curvature, where we find that the best fit values of Ω m and H 0 for the combined analysis depart only slightly from their counterparts in concordance cosmology and its related theories. For the bigravity parameters (θ, β 1,2,3 ), we find best fit values of O(1); this is noteworthy in particular for θ, which can span many orders of magnitude (recall that tan θ describes the ratio of the two Planck masses). 9 The graviton mass is given by Eq. (2.19 ). Using the best fit cosmology, we obtain m g = (1.31±0.03)×10 −32 eV, which -as expected -is close to, but also greater than H 0 . This value is compatible with local tests of gravity and massive spin-2 states [104] [105] [106] , and satisfies the Higuchi bound that must be satisfied in order for the theory to be self-consistent [58, 59] . While these results show that a consistent bigravity cosmology can be formulated, and that it is compatible with our range of observational tests, the pressing question is whether bigravity improves the fit compared to ΛCDM. The value ∆BIC = 31 reveals that this model is not preferred w.r.t. simpler modifications of ΛCDM. This is explained as this model mimics ΛCDM with zero curvature at large z, and thus is unable to improve the fit of the precisely known data sets BAO and CMB; but at the same time, the model brings with it an increased number of model parameters, which increases the BIC.
With flat bigravity being disfavoured, we thus turn to bigravity with a free curvature parameter in Fig. 6 . Again, we find all bigravity parameters to be O(1), while the mass density parameters and H 0 are similar to those found with (o)ΛCDM. The physical graviton mass is of the same order, m g = (1.81±0.02)×10 −32 eV. The curvature density is compatible with a flat universe. With these results it is no surprise that ∆BIC = 38 indicates that bigravity with curvature does not provide a significant improvement on the cosmological fit. However, keep in mind that these results do not rule out the possibility of a bimetric cosmology compatible with observations; the BIC is merely a statement about the improvement of the fit, while penalising the introduction of additional variables. From a model building point of view, bigravity still retains its desired features.
Finally, we comment on the fate of bimetric cosmologies at high z: as discussed in Sec. 2.2, our chosen branch of bigravity must reduce to ΛCDM in this limit, as the second metric is effectively turned off when y → 0. We have verified this behaviour numerically for the best fit parameters, see Fig. 7 . This shows that the best fit bigravity cosmologies -17 - 
Conformal Gravity
Previous works on cosmological fits in CG can be found in Refs. [43, [107] [108] [109] . The first of these references uses SN data as standard candles; Ref. [107] uses SNe and GRBs as standard candles; Ref. [108] uses supernovae as standard candles and H(z) measurements. In Ref. [109] the model parameters are fixed to the best fit values of Ref. [43] and extrapolated to GRB and Quasar data to account for the statistical evidence of these model parameters.
In the present work, we utilise the SNe and Quasars data sets for an up-to-date assessment of the viability of CG cosmology compared to the base ΛCDM model. Note that we do not include the CMB measurements in this section, since the Planck analysis is based on a flat ΛCDM cosmology, and CG cosmology does not reduce to the concordance model at high redshift. For similar reasons, we exclude also the BAO data set. In this case, a careful treatment of the calculations of the drag epoch z d and the comoving sound horizon c s (z) (cf. Tab. 2 in the Appendix) are required appropriate, a task which is beyond the scope of this work. Note that in this fit, the Hubble parameter remains unconstrained, as our SN and Quasar samples are not calibrated in absolute magnitude.
As explained in Sec. 2.3, we use Eq. (2.29) as the Friedmann equation valid for low redshifts. Hence, we choose Ω k = 1 − Ω Λ as free model parameter which can be tested by the SN+Q data set. The results are presented in Fig. 8 (see also Table 1 ). Under consideration of only SN data, CG is disfavoured with respect to ΛCDM and becomes strongly disfavoured if Quasars are included in the analysis. The best fit values for the joint analysis of SNe and Quasar data are Ω k = 0.850 +0.070 −0.081 . This value for Ω k agrees well with the results of Ref.
[107] which find Ω k = 0.836 +0.015 −0.022 . However, Refs. [43, 108] find smaller values, Ω k ≈ 0.63 and Ω k = 0.67 ± 0.06, respectively. These deviations may be caused by the difference in the data sets which are considered. In particular, the observational data considered Ref. [107] and in -19 -this work reaches out to higher redshifts z ∼ 6 than the data considered in Refs. [43, 108] .
Under the above considerations we are led to the conclusion that the cosmological model obtained from CG as outlined in Sec. 2.3 is strongly disfavoured with respect to the baseline ΛCDM cosmology.
As we have outlined in Sec. 2.3, CG has the unique feature that Ω k can be tested also by galactic dynamics and we find that this impairs the viability of CG further. To be more precise, the relation in Eq. (2.32) enables us to infer and independent determination of Ω k from galactic rotation curves. For instance, the result of Ref. [99] is
if it is assumed that CG addresses the missing mass problem of galaxies without invoking a dark matter component. This result was obtained from a fit of galactic rotation curves of 207 galaxies. A severe tension of the above value for Ω k with our results obtained from cosmological data is manifest, cf. Tab. 1. It is clear that the observed galactic dynamics demand a significant smaller value of Ω k (or equivalently γ 0 ) than the observations on cosmological scales which we consider in this work. Hence, a consistent reconciliation of both phenomena seems unlikely. In fact, we performed a joint analysis of cosmological and galactic data which is based on the relation in Eq. (2.32) and we did not find sensible results. Furthermore, we can confirm that we find a similar value of γ 0 as in Ref. [78] from our own analysis of the SPARC rotation curve data set. These considerations allow us to make the statement that CG is not able to address the missing mass problem and to account for a viable cosmological evolution simultaneously. -21 -
In this work we have performed a combined analysis of standard candles and standard rulers to account for the viability of six cosmological models: flat ΛCDM, ΛCDM with curvature, ΛCDM with curvature and dynamical dark energy, bigravity, bigravity with curvature and conformal gravity (CG) cosmology. To this end, we have employed various data sets in the form of the joint light-curve analysis SN compilation, measurements of the BAO scale in the large scale structure, and the CMB measurement of the acoustic scale. In addition, we have extended for the first time this list by Quasar measurements, which only recently have been proposed to serve as standard candles [22, 23] . Although these measurements are afflicted with large uncertainties, they add many new standard candles at a previously unprobed range of high redshifts 1 z 6 (complementary to the SN measurements at lower redshifts z 1 and the CMB measurements at very high redshift). This enables us to test cosmological models on a wider range of scales, and thus to estimate cosmological parameters better. Recently, the same Quasar data set has been utilized to test the ΛCDM model and its parametric extensions in Ref. [24] , albeit not in conjunction with SN measurements. The analysis therein draws similar conclusions to the ones presented in this study.
Utilising the flat ΛCDMconcordance model, we established the robustness of our methods by comparing our results to the literature. Considering our data sets, we have found in all cases that the modifications oΛCDM and wΛCDM are not favoured with respect to the concordance cosmology, with the latter even being strongly disfavoured. In both cases the deviation from a flat ΛCDM universe is small, i.e. close to flat and the equation of state is w ≈ −1, if the complete data set is considered. Furthermore, the remaining cosmological parameters converge to values close to those found in ΛCDM and no alleviation to the H 0 tension is present in these models.
Moving on to Bigravity, our results show that the best fit cosmologies in this framework closely approximate ΛCDM. The differentiation between bimetric theory and concordance cosmology is irrelevant at the time when CMB and BAO are set. At smaller redshift, where deviations from ΛCDM are expected, Bigravity is not able to improve the fit, and is thus disfavoured from a purely statistical point of view -irrespective of the geometry which is assumed (flat or with curvature). However, we stress that this does not invalidate the theoretical appeal of such models.
Similiar, definitive conclusion can be drawn for the CG cosmology. While the SN data alone suggests that CG is disfavoured with respect to ΛCDM, testing the model at higher redshifts with Quasar measurements impairs the viability further. In addition, the curvature parameter we deduce from our results is in considerable tension with results from galactic surveys, if CG is also to account for the missing mass problem in galaxies, leaving no other conclusion than discarding this version of CG to describe both galactic and cosmic dynamics.
We hope that our results might hint to new avenues for cosmological model building based on modifications of GR. To this end, we give a transparent description of our methodology in the appendix in conjunction with our code publicly available at [110] including the aforementioned Quasar data set which is relatively new.
We stress that our approach is solely focused on the level of the background cosmology, and that it would be desirable to extend this study to the computation of primordial temperature fluctuations. In this way, the cosmological models could be confronted with the measurement of the full CMB spectrum by integrating them e.g. with the CosmoMC engine [111] . This task remains for future work, together with the pressing question whether -22 -the current H 0 -tension can be explained by a modified cosmology.
A Data sets and analysis methods
In this appendix we describe the data samples we have used in this and document our data analysis methods. The contents of this appendix will enable the inclined reader to reproduce all of our results. Furthermore, we provide the code to reproduce our results at [110] .
A.1 Distance measures
Having specified a given model in terms of its Hubble rate's dependence on redshift, testable observables can be derived. To this end, objects of known brightness (standard candles) and known size (standard rulers) are identified at a certain redshift in order to infer the corresponding cosmic distance measures. We define the co-moving distance as a function of redshift
from which a number of useful distance measures can be derived. Standard candles are objects of known brightness and their luminosity distance is given by
Standard rulers are objects of known size, such as the BAO scale, and one measure their angular diameter distance,
(A.4)
A.2 Big bang nucleosynthesis
Our analysis assumes that BBN proceeds in the standard manner. In order to be in agreement with measurements of the primordial deuterium abundance, we combine all likelihoods with a Gaussian prior on 100 Ω b h 2 = 2.22 ± 0.05. This is the 'conservative BBN prior' of Planck 2018 [25] on the basis of the deuterium abundance measurement by Cooke et al. [112] .
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A.3 Supernova data
In order to employ the power of SN standard candles, we make use of the Joint Light Curve Analysis (JLA) data [101] , a combined analysis of the available SDSS and SNLS data including very low (z < 0.1) and high redshift data points (z 1). The resulting set of 740 SN events, available from [100], have previously been used to discriminate cosmological models, see e.g. Ref. [113] for recent work. The distance modulus of a generic SN event is defined as µ = 5 log 10 d L (z) 1 Mpc + 25, and can be related to the absolute and apparent bolometric magnitude of the given SN as,
where m B , M B are apparent and absolute B-band magnitudes, respectively; X 1 characterises the shape of the SN light curve; and C its deviation from the standard type Ia SN color. While m B , X 1 and C are measured, α, β and M B need to be extracted from a joint fit of the data to a given cosmological background model. 10 As proposed by the JLA analysis, we include an 'adjustment parameter' ∆M B for SNe in host galaxies with a masses > 10 10 M , i.e.
This, together with a given model prediction for d L (z), allows us set up our log-likelihood for the SN data, most compactly written in matrix notation,
with the covariance matrix C decomposed into
and the diagonal matrix D stat given as
The matrices C stat and C sys can be obtained from [100], which also includes the standard deviations due to the peculiar velocities σ 2 pec i , lensing σ 2 lens, i , the dispersion σ 2 coh, i , and the covariance among m B , X 1 and C, C m B X 1 C, i . Notice that C depends (quadratically) on the auxiliary parameters, and thereby minimising Eq. (A.7) is not fully equivalent to a least squares fitting -even for uniform priors.
A.4 Quasar data
In order to use quasars as cosmological standard candles, we follow the program outlined in Refs. [22, 23] , and which is founded on an empirical log-linear relation among the UV and X-ray luminosities, log 10 (L X ) = γ log 10 (L UV ) + const . Here, β can in principle be related to the constant in Eq. (A.10), but an overall normalisation of µ remains undetermined [22] . Therefore, we treat β as another auxiliary parameter to be fitted with the cosmology. The parameter γ in turn can be determined from a linear fit of the flux data. In order for the redshift-dependence to be negligible, this must be carried out in narrow redshift bins, ∆[log z] < 0.1, or assuming a standard cosmology [22] . This yields a mean of γ = 0.634 that we use throughout our statistical analysis. The data set we employ is described in Ref. [23] and has already undergone a number of pre-selection steps, which leave a total of N = 1598 quasar samples with redshifts 0.036 < z < 5.1. Our likelihood function is
with the observed µ obtained via Eq. (A.11) and the standard deviation σ 2 = 5 2 (1−γ) ∆F X 2 + δ 2 is augmented by a dispersion parameter δ, that is included in the cosmological fit as a nuisance parameter.
A.5 BAO data
In the early universe, the interaction of the relativistic photon plasma with the cooling baryons leads to density oscillations which imprint a characteristic length scale onto the CMB and also the large scale structure (LSS) of the universe. This scale can be measured as a characteristic angular scale, a standard ruler. The rather recent measurements of the BAO scale provide an independent and complementary probe of the base cosmological model and in promise more precision and reach with upcoming surveys, such as EUCLID. Recent BAO analyses [14, 26, 114, 115] have shown that measuring the BAO scale is a powerful tool for probing cosmological models. The relevant length scale for BAO is the sound horizon at the end of the so-called drag epoch z d , which is the time when the photon and baryon components of the primordial plasma decouple,
where the integral expressed in terms of the variable x = z d z is more suitable for numerical integration, and the sound speed given by Table 2 : BAO measurements used in our analysis. This table is adapted from Ref. [26] with updated data sets as found in Ref. [114] . The correlation matrices can be found in the references.
Notice also that at the end of the drag epoch z d the energy density of radiation in H(z) cannot be ignored. The dynamics of the drag epoch have been thoroughly analysed in [124] , where a numerical fitting formula for z d is given,
3 a volume averaged distance measure. In Tab. 2 we present all measurements that have been taken into account in our study.
In summary, the BAO likelihood piece is
where Y is a vector containing the measured quantities in Tab. 2 and C BAO is a matrix of correlations assembled also from it.
CMB anisotropies as BAO measurement. Finally, we treat the measurement of the first peak in the CMB spectrum as a BAO experiment at redshift z * . This is a well-established procedure, which was also used in the analysis of SN data in Ref.
[100], BAO data in Ref. [26] . For our purposes, we use the Planck 2018 results. The redshift of last scattering is approximated as in [124] by To this end, we make use of the python package emcee, which implements an affine invariant MCMC ensemble sampler [126] , a technique particularly well suited for our purposes [127] .
In order to quantitatively compare models, we employ the so-called 'Bayes information criterion' (BIC), which takes into account not only how well a model fits a data but also its simplicity in terms of the number of parameters it introduces:
BIC ≡ |θ| log(| x|) − 2 log L , (A. 28) whereL is the maximised value of the posterior probability distribution and | · | denotes the length of a vector. In order to select among two models the preferred one, we compare the evidence of the data occurring within a given model, Note thatH is the Fisher information matrix, which one can show factorizes asH = nĨ, whereĨ is the Fisher information matrix for a single data point [128] . Thus, in the limit of large n, Thus, if ∆ = 1.5/5.9/11.6 there is mild/strong/very strong evidence to reject model M in favour of model M , corresponding to 1 − P (M ) = 68%/95%/99.7% CL, respectively.
